SPHERICAL MAXIMAL FUNCTIONS AND
FRACTAL DIMENSIONS OF DILATION SETS

JORIS ROOS  ANDREAS SEEGER

ABSTRACT. For the spherical mean operators A, in R?, d > 2, we con-
sider the maximal functions Mgf = sup,cp |Acf|, with dilation sets
E C [1,2]. In this paper we give a surprising characterization of the
closed convex sets which can occur as closure of the sharp LP improv-
ing region of Mg for some E. This region depends on the Minkowski
dimension of E, but also other properties of the fractal geometry such
the Assouad spectrum of E and subsets of . A key ingredient is an
essentially sharp result on Mg for a class of sets called (quasi-)Assouad
regular which is new in two dimensions.

1. INTRODUCTION

For a locally integrable function f on R¢ with d > 2 let

Auf () = / fx — ty)do(y),

where t > 0 and o denotes the normalized surface measure on the unit
sphere in R%. Given a set E C (0,00) consider the maximal function

MEgf(x) = sup|Adf(x)],
tek

which is well-defined at least on continuous functions f. In this paper we
study sharp LP improving properties of Mg. By scaling considerations it is
natural to restrict attention to sets E C [1,2]. We define the type set Tg
associated with Mg by
Te = {(3,%) €[0,1)* : Mp is bounded L? — L7}.

We are interested in determining for a given set E the type set Tg up to
the boundary, i.e. we will focus mainly on the closure of this set. Note that
since Tg is by interpolation convex, the interior of Tz is determined by 7g.
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We consider two natural problems. First, for each given E C [1,2] the
goal is to determine Tz. Second, we ask which closed convex subsets of
[0,1])? arise as Tg for some E C [1,2].

In this paper we give a complete solution to the second problem: we will
determine exactly which closed convex sets arise as 7z. Moreover, we also
give a satisfactory answer to the first problem for a large class of sets E that
covers all examples previously considered in the literature.

The case of a single average, F' = {point}, is covered by a classical result
of Littman [16]. Sharp results for the case E = [1,2] are due to Schlag [20],
Schlag and Sogge [21] and S. Lee [15]. The case p = ¢ for the full spherical
maximal operator goes back to Stein [25] in the case d > 3 and to Bourgain
[5] in the case d = 2 (see also [18]). For some early results in special cases of
dilation sets see [7], [8] and [28, p. 92]. A satisfactory answer for general E
in the case p = ¢, depending on the Minkowski dimension of F, was given in
[23]; see also [24], [22] for refinements and related results. We remark that,
while the question of sharp L? improving bounds is interesting in its own
right, it is also motivated by problems on sparse domination and weighted
estimates for global maximal functions sup,cp supyez |Agrf1, cf. [3], [14].

In a recent joint paper [1] with T. Anderson and K. Hughes we addressed
the LP — L9 problem for Mg when ¢ > p in dimensions d > 3, with some
partial results for d = 2. It turned out that satisfactory results cannot just
depend on the (upper) Minkowski dimension of E alone and other notions
of fractal dimension are needed, in particular the Assouad dimension.

Let us recall some definitions. Let E C [1,2]. For 6 > 0 let N(E,J) the
d-covering number, 4.e. the minimal number of intervals of length § required
to cover E. The (upper) Minkowski dimension dimyFE of E is

dimyE =inf{a>0:3¢c>0st.¥Yd € (0,1), N(E,§) <cd * }.
The Assouad dimension dimp E ([2]) is defined by
dimpF =inf{a>0:3ec>0s.t.VI, d € (0, 1)),
N(ENI,8) <céI|* };

here I runs over subintervals of [1,2]. Note that 0 < dimyFE < dimp F < 1.
For0 < g <~v<1let

Ql = (070)7 Q2,,3 - (dill%llga C&%lﬁ)a

— (_d-8B 1 — (_d(d=1) d—1
Q3,,8 - (m7 m% Q4,'y - (d2+27—1’ d2—|—2w—1)'

(1.1)

Moreover, let Q(/3,7) denote the closed convex hull of the points Q1, Q2.
Q3,8, Qa,, see Figure 1 below. Let R(/3,7) denote the union of the interior
of Q(3,7) with the line segment connecting @1 and ()3 g, including @1, but
excluding Q2 3. The paper [1] gives a sufficient condition for Mg to be
LP — L9 bounded, in dimension d > 3, namely if g = dimyF, v« = dimpa F
then

(1.2) R(B,%.) C Tg.
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This inclusion was also obtained for v, < 1/2 in two dimension, but the
more difficult case . > 1/2 was left open. Our first main result is that (1.2)
remains true for d = 2, v, > 1/2.

Q2,3
Qs

Q4n

Q1

S

FIGURE 1. The quadrangle Q(f3,v) for d =2, 3 = 0.6, v = 0.9.

We thereby get a rather satisfactory upper bound for Mg, which happens
to be essentially sharp for so-called classes of Assouad regular sets discussed
below. However, there is a slight shortcoming of this formulation which we
will discuss now. Given E the closure of the type set does not change if one
replaces E by its union with a set of zero Minkowski dimension; however
such unions may change the Assouad dimension (see §6.3) and thus the set
Q(dimy F, dimp F). To address this issue we replace the notion of Assouad
dimension with quasi-Assouad dimension introduced by Lii and Xi in [17]
(see also [12]).

The definition involves certain intermediate fractal dimensions used in
[12], namely the upper Assouad spectrum 60 diimAﬁE which for given
0 € [0, 1] is defined by

dimp gE = inf{a >0 : Je>0s.t.Y5 € (0,1), [I| > o,
N(ENI ) <co " };
here I runs over subintervals of [1,2]. The upper Assouad spectrum is a
variant of the Assouad spectrum, where the condition |I| > 6% is replaced
by |I] = 6°. This was introduced by J. Fraser and H. Yu in [10] (and used
in [1] in the discussion of spherical maximal functions). The upper Assouad

spectrum has the benefit that it is by definition nondecreasing in 6. One
defines the quasi-Assouad dimension as the limit

(1.3) dimqa £ = lim dimy o F.
f—1 ’
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We remark that always dimqa £ < dima E' and the inequality may be strict,
see §6.3 for examples. With (1.3) and R(/3, ) defined following (1.1) we can
now formulate

Theorem 1.1. Let d > 2 and E C [1,2], f = dimyE, v = dimga E. Then

The most difficult case is d = 2, v > %, and we will present the complete
proof. In the cases d > 3 and d = 2, 7 < 1/2 the result was essentially
established in [1], ¢f. §2 below for further review.

We shall now discuss the second problem mentioned above. Modifications
of well-known examples from [20], [21], [23] (see [1, §4] for details) show the
lower bound

(1.4) Te € Q(B,8)

if 5 = dimyE. Theorem 1.1 and (1.4) show that the set 7z is a closed
convex set satisfying the relation Q(3,v) C T C Q(5,B) for v = dimga E.
Surprisingly, this necessary condition on 7z is also sufficient:

Theorem 1.2. Let W C [0,1]*. Then
(i) W = Tg holds for some E C [1,2] if and only if W is a closed convex
set and

(1.5) Q(B,y) CW C Q(B,B) for some 0 < <~y <1.
(ii) For W = Tg in (1.5) one necessarily has dimyE = S and if in

addition v is chosen minimally, then dimga ' = 7.

Remark 1.3. In the situation of (ii), for every ~. € [y, 1] the set E can be
chosen such that dima F = 7, cf. §7.

Figure 2 shows a more detailed look into the critical triangle spanned by
the points Q4, Q1 3, @3, and illustrates in particular that the boundary
of Tg may follow an arbitrary convex curve in this triangle.

1 .
q £ Q33
Q2,3
5 Q3.3 Q4,3
Q4,'y Q47’Y
Q1

D=

FiGURE 2.
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The basic idea of the proof of Theorem 1.2 is to write VW as an at most
countable intersection N, Q(5,,vn) and to construct the set F in a suitable
way as a disjoint union of sets F, with the property Tg, = Q(8n,vn). In
order to implement this idea one needs to understand concrete cases in which
Theorem 1.1 is sharp.

If dimgaF = dimyE = [, then by Theorem 1.1 and (1.4) we have
Te = Q(B, ). This happens for example if E is a self-similar Cantor set of
dimension 5. In particular, Theorem 1.1 is sharp up to endpoints for such
E. The theorem is also sharp for a class of sets E with dimyFE < dimga E.
Say that a set E C [1,2] is (8, )-regular if either v = 0, or

dimyE = 3, dimga F = v, dimp gF = dimga E for all1 > 0 > 1 — /4.

A set is quasi-Assouad regular if it is (3, ~)-regular for some (5,v). In [1]
we have used a slightly more restrictive definition: a set is called (8,7)-
Assouad regular if the above condition holds with dimqa replaced by dimy4
and Assouad regular if it is (3, y)-Assouad regular for some (3,7). Assouad
regular sets are also quasi-Assouad regular: for every Assouad regular set
of positive Minkowski dimension we have dimqa /¥ = dimaZ. Moreover,
all sets with dimyF = 0 are quasi-Assouad regular since the condition is
voidly satisfied when 8 = 0. When g8 = dimyF = dimgaE the upper
Assouad spectrum is constant, so E is (3, )-regular.

A convex sequence E which has Minkowski dimension S is (3, 1)-regular.
Other examples of (quasi-)Assouad regular sets can be found in [1, §5], see
also §6 below for a refinement needed in the proof of Theorem 1.2. The
inclusion T C Q(fB,7) for (B3,v)-Assouad regular sets was proved in [1,
§4]. Here the maximal operator is tested on characteristic function of J-
neighborhoods of spherical caps which have diameter ~ V/6%/7; when 8 = v
this reduces to a standard Knapp type example. We refer to §5 for a more
general result. In this context we also note that for all E the type set of Mg
when restricted to radial functions is strictly larger than the type set of Mg
on general functions (cf. [19]).

From the necessary conditions and Theorem 1.1 we have

(1.6) Te = Q(B,7), for (B,7)-regular E,

in all dimensions d > 2. It turns out that an essentially sharp result can
be obtained for a much larger class, namely arbitrary finite unions of quasi-
Assouad regular sets in which case the closure of the type set is a closed
convex polygon.

Theorﬁm 1.4. Let d > 2 and E = UL E; where Ej; is (B;,;)-regular.
Then TE = ﬂ;nzl Q(ﬁj,’yj).

This is actually a simple consequence of Theorem 1.1 and the lower
bounds, see §5. Nevertheless, Theorem 1.4 is an essential step towards the

proof of Theorem 1.2. Moreover, Theorem 1.4 can be used to obtain certain
sparse domination results on global spherical maximal functions, see [1, §6].
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It would be interesting to extend Theorem 1.4 to a wider class of sets.
Moreover, it is also worthwhile to investigate several endpoint results, cf.
§2.5 below.

Summary of the paper.

— In §2 we recall some previous results from [23], [5], [1] reducing the proof
of Theorem 1.1 to Theorem 2.1 concerning the two-dimensional case with
v > 1/2. We also state a key ingredient, Corollary 2.2, for the proof of
Theorem 1.2. In §2.5 we discuss some known and some open questions
on endpoint estimates.

— In §3 and §4 we prove Theorem 2.1. We use the general strategy from
[21]. Our main innovation here appears in §4 and consists of the use of
almost orthogonality arguments in conjunction with arguments based on
the fractal geometry of the set E.

— In §5 we discuss a relevant necessary condition and prove Theorem 1.4.

— In §6 we present certain uniform constructions of (quasi-) Assouad regular
sets. This is a refinement of [1, §5].

— In §7 we prove Theorem 1.2. This uses Theorem 1.1 (in the form of
Corollary 2.2), (1.6) and the construction in §6.

Notation. For a sublinear operator T acting on functions on R¢ we denote
the LP — L7 operator norm by ||T'||,—q = sup{||T'fllq : ||f|l, = 1}. Fourier

transforms will be denoted by f(¢) = [ e~ @8 f(x)dx. Weighted LP spaces

are denoted by LP(w) with || f[| o) = ( [ga |f(2)[Pw(z)dz) VP We will use
¢ to denote a positive constant that may change throughout the text and
may depend on various quantities, which are either made explicit or clear

from context. We write A < B to denote existence of a constant ¢ such that
A< cB and A~ B todenote A < B and B < A.

Acknowledgement. We are grateful to the referee for a thorough reading of
the paper and helpful suggestions.

2. SETUP AND PRELIMINARY REDUCTIONS

In this section we review and collect known facts about spherical averages
from the literature. This will reduce the proof of Theorem 1.1 to the most
difficult case, when d = 2, v > % and (%, %) near Q4. (see Theorem 2.1
below). At the same time, this review will pave the way for the proof of
Theorem 1.2, which requires a certain uniformity of various constants with

respect to the set . Below we always assume t € [1,2].

2.1. Dyadic decomposition. Let x be a smooth radial function on R? sup-
ported in {1/2 < [¢] < 2} such that 0 < x < 1 and Zjezx(2*j€) =1 for
every & # 0. Set

Xo(§) =1 =Y x(277¢), and x;(§) = x(277¢) forj>1.
j>1



SPHERICAL MAXIMAL FUNCTIONS 7

Next define A7 f, ot for 7 > 0 with

—
~ -~

(2.1) ALF(€) = x;(©)5 () F(€) = 55(&) F ().
Then Ay =3 5 Al
The symbol class 6™ is defined as the class of functions a on R? for which

(2.2) lallem = max sup (1+ [¢)~1D|o%a(¢)]
|| <10d ¢ cRe

is finite. Here |a| = >_,_, a; denotes the length of the multindex a € N&. It
is well-known (see [26, Ch. VIII]) that

(2.3) 5() = ax(&)e
+

with ax € &~(@1/2, Now (2.3) and Plancherel’s theorem imply
. a1
(2.4) 1A fll2 <2772 (| flla-
The L' functions 0j+ satisfy the standard pointwise inequality
|oj¢(2)] < On2 (L + 27| |z =)~
for 1 < ¢ < 2 and thus we get

(2.5) A7 [[1251 = [|A] [loomso0 S 1
and
(2.6) 1A 1500 S 27

Appropriate interpolation among (2.4), (2.5), (2.6) yields sharp estimates
for the LP — L7 operator norm of A} for each fized t.

2.2. Results near Q1, Q23,3 3. We now turn our attention to the maximal
operator associated with each AJ. The uncertainty principle suggests that
|A! f(z)| is “roughly constant” as ¢ changes across an interval of length

< 277, Keeping in mind (2.4), (2.5), this suggests that for all 1 < p < oo,

j — iyt —j(d—1)min(L, 3
27) Isup 4Ll < eN(B,2)p2 DG g

with ¢ only depending on d. This was proven in [23] (also see [1, Lemma 2.2]).
Observe that summing these estimates over j > 0 already gives LP — LP
estimates for Mg in the sharp range p > 1+ % unless d = 2 and 5 =1 (but
this case is covered by Bourgain’s circular maximal theorem [5]). In view of
(2.6), the same argument (see [1, Lemma 2.3]) also yields for 2 < ¢ < oo,

. el q_dil
(2.8) Isup A3 fllly < eN (B, 277) 72 TE5N £l

with ¢ only depending on d. Appropriate interpolation of (2.7), (2.8) shows

that Mg is bounded LP — L9 for every (%, %) contained in the interior of
the triangle with vertices Q1, Q2,3, @3 (see Figure 1).
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2.3. Minkowski and Assouad characteristics. It is convenient to recast esti-
mates involving N(E,d) and N(EN1,J) in terms of the following functions
defined for 0 < § < 1.

Definition. (i) The function y& 51 (0,1] = [0, 00| defined by
(2.9) Xi1,5(6) = 67N (E, )

is called the (- Mmkowski characteristic of E.
(ii) The function x¥ ~ 1(0,1] = [0, oc] defined by

(2.10) XK () = |§1|1>p§ (9) ' N(ENL0)

is called the v-Assouad characteristic of E.

The estimates (2.7), (2.8) can be rewritten as

27 ||f||p, if1<p<2,

(2.11) [Isup [ALflllp < elxiis(27)]7 x ,
teE if 2 <p < oo,

j —j\|5 9 (1=
(212) | Sup A lllg < el p(279)] 52 1fllg, 2<q<o0.
2.4. Results near Q4. This is the heart of the matter and here the Assouad
characteristic enters. The cases d > 3 and d = 2, v < % were already
handled in [1, §3]. The analysis there is based on TT* arguments. Rewritten

using (2.10), it gives

(2.13)
J i\ o 9IS 2(d-1+27)
||?élg|v4tf|||Lq%°° <Xk, (27 o 2 ST | £, gy = 22
In the cases d > 3, and d = 2, v < % we have 75?;_1)12_‘__2% > 0 and by

interpolation of (2.13) with (2.6) one obtains
(2.14) [} sup VAT flllgs < ¢ XK A @Y% f sy d=3ord=2,7<3,
€

where c is a positive constants only depending on d and

Quy = (p4 q14 )

as in (1.1). The remaining case is one of our main results in this paper.

Theorem 2.1. Let d =2 and v > 1/2. Then we have for every j > 0,
j . i1/2 N1 —ivil/
(2.15) [sup AL £, < e min (£, 5) P 8 @) fllps,
teE aa

where ¢ > 0 is an absolute constant.

The proof of this theorem is contained in §3 and §4. Interpolation argu-
ments yield the following consequence, that implies Theorem 1.1.
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Corollary 2.2. Let d > 2, B = dimyFE, v = dimgaE. Then for every
(%, %) € Q(B,7) there exists a nonnegative ¢ = 6(%, %, B,7,d) depending con-
tinuously on (1/p,1/q) such that € > 0 for (Z%, %) in the interior of Q(f,7)
and on the open line segment between Q1 and Q2 5, and

(2.16) || Sup AT flllg < e K 271" Dt s 27D (1 + )27 £l

Here ¢ > 0 depends only on d, and the nonnegative constants by, ba, by satisfy
b1+b2:% and by < %

Proof. This follows by interpolation arguments using several extreme cases
stated above (specifically, using (2.11), (2.12), (2.14), (2.15)). For the L>™° —
L™ estimate (corresponding to the pair (0,0) = Q1) we have (2.16) with
by = by = by = 0 and £ = 0. For the pair (p,', ¢, ") = Q2(B) (here p2 = ¢2)
we have (2.16) with by = 0, b = 1/q2, b3 = 0 and € = 0. For the pair
(p31,a5") = Q3() we have (2.16) with by = 0, by = 1/g3, b3 = 0 and £ = 0.
Finally we consider (le, q4_1) = @Q4(7v). Now, in the case d = 3 or d = 2,
v < 1/2, we have (2.16) with by = 1/q4, b = 0, b3 = 0 and £ = 0, and in
the case d = 2, v > 1/2 we have (2.16) with by = 1/qq, ba = 0, by = 2/qu
and ¢ = 0. We interpolate these estimates with the L? bound in (2.11),
corresponding to by = 0, by = 1/2, b3 =0, e = (d — 1 — 3)/2, except in the
case # =1 and d = 2 when we use Bourgain’s result [5] in the form of [18]
for p > 2. O

Proof of Theorem 1.1 . We have N(ENI1,§) < N(I,6) <20 °if 6 <|I| <
§17¢ and 0 < § < 1. Using the assumption on dimqa E we see that for any
e >0 and any 0 < e < 1 there are constants C'(g,e1) < oo such that for all
intervals [ with § < |I| <1

Cle,en)(0/IN77== ol <|I|<1

NENLS <{ ) o
25—¢ if 5 < |I] < 61,

Thus for the y-Assouad characteristic (cf. §2.3) we get the estimate
Xfﬁ(é) <207+ Cle,e1)0 ", 0<0<1,
and we can conclude by applying Corollary 2.2. O

Remark. The interpolation argument above can be used to compute the
exact exponent ¢ in Corollary 2.2 in terms of %, %, 58,7, d, but the exact de-
pendence will not matter for us. Moreover, the estimate (2.15) is somewhat
stronger than required: to prove the results stated in the introduction, it
would suffice to show that for every e; > 0,

' ] —ivil/a
[sup LA A1, Ser 2 DK @ 1l

This weaker result together with interpolation arguments as above already
implies Theorem 1.1. The reason for stating (2.16) with the indicated degree
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of precision regarding dependence of the constant on the various parameters
will become apparent in the proof of Theorem 1.2, see (7.7) below.

2.5. Endpoint results and problems. For the proof of Theorems 1.1 and 1.2
we do not have to consider endpoint questions. Nevertheless such endpoint
bounds under the assumptions of bounded [-Minkowski characteristic or
bounded ~-Assouad characteristic are very interesting, and some challenging
problems are open.

We first consider the case p = ¢. Under the assumption 0 < § < 1 it
was noted in [22, Prop. 1.4] that for the pair Q23 the operator Mg is of
restricted weak type (g2, g2), under the assumption of bounded -Minkowski
characteristic. This is proved by a version of Bourgain’s interpolation ar-
gument in [4]. It is conjectured (and suggested by the behavior on radial
functions [24]) that the restricted weak type estimate can be upgraded to a
strong type (g2, ¢2) estimate; however this is known only for special types
of sets E such as convex sequences [22], and is open for example for certain
Cantor sets.

Now consider the case p < ¢. For the full spherical maximal operator
Lee [15] proved a restricted weak type endpoint result for the exponent
pairs (3.1 and (4,1, using the above mentioned Bourgain interpolation trick.
This yields LP — L9 estimates on the open edges (Q1,Q4,1) and (Q3.1, Q4,1),
moreover L»! — L4 bounds on the vertical half-open edge (Q3.1,Q2.1]. The
endpoint result for (4,1 is especially deep in two dimensions as it relies on
Tao’s difficult endpoint version [27] of Wolff’s bilinear adjoint restriction
theorem for the cone [29].

The restricted weak type inequality at ()33, under the assumption of
bounded S-Minkowski characteristic, was proved in [1]. Under the assump-
tion of bounded ~-Assouad characteristic, if d > 3 or d = 2, v < 1/2 the
restricted weak type estimates for Q4 was also proved in [1]. We remark
that for these known restricted weak type endpoint estimates at ()3 g and
(4, it is open whether they can be upgraded to strong type estimates.

Endpoint bounds at Q4 with bounded Assouad characteristic are open in
two dimensions when 1/2 < vy < 1. We conjecture that the term (1 + )% in
Corollary 2.2 can be dropped; moreover that a restricted weak type estimate

holds at Q4.

3. PROOF OF THEOREM 2.1: FRACTIONAL INTEGRATION

In this section we prove Theorem 2.1. For j = 0 there is nothing to prove,
so we assume j > 1 from here on. For a € &Yt € [1,2] define

(3.1) T} a, fl(z) = / @Oy L ()a(te) f(E)dE (v € R).

R2
From (2.1) and (2.3) we see that there exist symbols a+ with ||a+||g0 < C(d)
such that

Alf =273 " T az, f].
+
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In the following let us assume without loss of generality that
(3.2) lalgo <1 and suppa C {€ : 0 < & <2710}

A first observation is that the effect from oscillation of the 'factor eFitlel in
(3.1) is negligible if ¢ varies within an interval of length < 277. This suggests
the following standard argument. Define

Inj=[n277,(n+1)277] (n€7),

(3.3) E={n277 . I,;NE#0,neZ}C1,2.
We estimate pointwise for each = € R2,

sup [77*a, f]|(x) < ( Z [ sup \J}j’i[a,f]|(x)]q4>1/q4'

teE n€2j5]- tEIn,j

For every n € 2J &j and t € I, ; we use the fundamental theorem of calculus
to estimate

177 [a, f1(2)] < |55 la, ](w)k+t/QJITZ§J+SFV f(z)|ds,
0

where a € &', more precisely a(¢) = Fil¢|a(€) + (&, Va(€)), and we have
used that ¢ > 1. From the previous two displays,
(3.4)

] 1
'7 ) ',:l:’v q
Jsup 770, Al < (32 10 1)+ (S ImEa ) ds
tek te€, tEE +5

where ¢ = g4 = 3+ 2v > 4. The first term on the right hand side and the
integrand of the second term will be treated in the same way. Bilinearizing,
we write

(3.5) (S 140, 12) 7 = 1T © DI gy
te&

where £ C [1,2] is a finite set, R x & is equipped with the product of the
Lebesgue measure and the counting measure, (f ® f)(z,y) = f(x)f(y) and

TiP(a,t) = [ | e Oy (a(t)x,(€)alto) F€, O d(&.C).

Definition. Let 6 € (0,1). A finite set £ C (0,00) will be called uniformly
0—separated if

(3.6) £—ECOL

In other words, £ is a subset of an arithmetic progression with common
difference of §.
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The sets & and & + s appearing in (3.4) are uniformly 277/-separated.
We have a crucial L? estimate with the following weight that blows up near
the diagonal:

(3.7) wy(y2) = |y — 2" fory,z € Ry £
Proposition 3.1. Let v > % and let a € &° satisfy (3.2). Assume that
j > 1 and that € C [1,2] is uniformly 277 -separated. Then
U2 vl
(3.8) | TiFll2@2xe) < ¢ min (£5,7) 2 & 5 272 Fll 22w, »
where ¢ is an absolute constant.

The proof of this estimate forms the heart of the matter and is contained
in Section 4.

Proof of Theorem 2.1 given Proposition 3.1. We assume that [ja|g0 < 1.
Since q4 = 2py = 3 + 2, we need to show, by (3.4) and (3.5), that

. /2 N2 ; —
(3:9) NT5(f ® Fllwsmexe) < ¢ min (=, 5) P2 @Y 2, -

The case v = 1/2 follows immediately from Proposition 3.1. We assume
1/2 < v < 1 and argue as in the paper by Schlag and Sogge [21]. The
sectorial localization in (3.2) allows us to estimate

(3.10) sup TP ()] <2 / sup  |F(y, 2)ld(yn, 21).
(z,t)ER2X[1,2] R2 (y2,22)€R?

Indeed, we have the pointwise bound, for 1 <t < 2,

B1) TP@OS [ Kia o= 2P .2

< (s [ =) ([ s 1P )

y1,21)€ER2 JR R2 (y2,22)€R2
where, with h(s) = V1 — s2, K;(y, 2) is a linear combination of five terms
2J
(4= (yl + |2)1

2j]1[—1/2,1/2]2(y1,21>><
2 27
(14 27|t Lyg + h(t Ly ) )10 (1 + 27|t 12g £ (¢t~ 121)|)10°
In (3.11) we integrate in (ysz,22) first to obtain (3.10). In (3.8) we may

replace |y — 2\7272;1 with |y; — 21 |7% and then analytically interpolate the
resulting inequality with (3.10). This yields for 2 < p < oo,

P i1/2 N2 i
(312) I TiF |l poraxe, S 27 min (£5,5) %k, 279 Px

(/RQ [\yl - 21\(127)/]0(/RQ ’F(yvz)’pd(y%22))1/p}p/d(y1721))1/p/'
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We specialize to F'(y, z) = f(y)g(z) and apply Holder’s inequality in y; with
exponents p/p’ € [1,00] and (p/p’)’ to obtain

([l =220 ( [ rwteiPatn, ) "] dn,)

= ([ T = 21l 5 15 g, ) ] dn. =) "
RQ

11
7

— — g’ / (ﬁl)l AYA
(3813) < fl( /R [ /R i — 21T g, B | 7y )

The standard fractional integral theorem says that for 0 < Re(a) < 1 the
convolution operator with Schwartz kernel |s — ¢|*~! maps LP(R) to L(R)
for p~' — q¢=!' = Re(a), and using analytic interpolation with the trivial
L' — L* estimate when Re(a) = 1 one notes that the operator norm
is bounded as Re(a) — 1. For p > 2 and 1/2 < v < 1 the expression
1—(2y —1)p'/p belongs to (0,1 —p'/p). Thus, if p>2and 1 <7 < (p/p’)
is defined by

(3.14) Lo(1-2)=1-(2y-1E =:a

then we see that (3.13) is bounded by

1
Clslo( [ Noter, 7)™

where the constant is independent of v € (1/2,1]. For the special case
r = p/p’ the relation (3.14) gives p = (3 + 27)/2 = p4 (which is > 2 since
v > 1/2), and we get (3.9) by setting f = g. O

4. PROOF OF PROPOSITION 3.1: AN L2 ESTIMATE

In this section we prove the crucial L? estimate, Proposition 3.1. As in
Schlag—Sogge [21], the key to this estimate will be a second dyadic decompo-
sition in the angle £(&,n) € [0, 7] between certain frequency variables £ and
n. For the estimates in [21] the authors relied on space time estimates due
to Klainerman and Machedon [13] which are not applicable in our setting.
Instead we have to establish an orthogonality property between contribu-
tions from different values of ¢ which also depends on the fractal geometry
of E.

We find it convenient to introduce the notation

@) SN = [ eI ¢ FE —
R2

acting on a function F : R2xR? — C and a symbol b : (0, 00) x R? xR? — C.

For positive integers j,m we set a;(t,&) = a(t&)x;(§) and

bj(t,&,n) = a;(t,§ —n)a;(t,n),

(4.2) bim(t,&,m) = bj(t,&,n)x (2™ % det (&, n)).
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Define the convex annular sector
Q; ={weR?: 0 <w <2 0w, 2771 < |w| <2771,

If b(t,€,m) # 0, then both n and £ —n lie in ©; (see (3.2)). By convexity, we
also have 3¢ = 1n+ (¢ — 1) € ©;. Observe that the cutoff in (4.2) effects
an angular localization, since

Note that
e - | o 0
R2

Hence by Plancherel’s theorem, Proposition 3.1 follows if we can show

. ji1/2 . I N R
(44) ISRl @exe) < ¢ min (&7, 4) &4 (2722 Fl| 12w

We will require three different estimates for the objects S[F,b] to prove
this estimate. To clarify various dependencies we introduce the following
terminology.

Definition. Let j,m > 1. We say that the symbol b is (j, m)-adapted if b is
smooth and b(¢,&,n) = 0 unless

(4.5) n,§—ne€B0; and L(§n) < 9 =mH5,
We call b strictly (j,m)-adapted if in addition b(t,&,n) = 0 unless
L(&mn) =27m7°,

Observe that b;, is strictly (j, m)-adapted.

Proposition 4.1 (Trivial estimate). If b is (j,m)-adapted, then for every
finite £ C [1,2],

j_m 1
(4.6) ISTF, O]l 2m2xe) < clblloo2’™2 (#E)2 [ Fll L2ty

Proof. This follows by an application of the Cauchy—Schwarz inequality to
the integration over n in (4.1). O

The next ingredient is the following crucial improvement of (4.6).

Proposition 4.2 (Almost orthogonality). Suppose that b is strictly (j, m)-
adapted and satisfies the differential inequality

(4.7) (s VIt € ) < B279N for N =0,1,2.

Suppse € is uniformly 277 —separated. Then
o 1
(4.8)  [ISIE blllLe@exey <cB272( sup  #(ENT))2|IF| L2(me)-

[I|=2—3+2m

The proof of this proposition is contained in §4.2. It relies on an obser-
vation of almost orthogonality of S[F,b|(-,t) and S[F,b](-,t') for sufficiently
separated t,t. Finally we will need a certain tail estimate.
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Proposition 4.3 (Off-diagonal decay). Let 0 < m < j/2. Suppose that b
is (j,m)-adapted and satisfies the differential inequality
(4.9) 00b(t,&,m)] < B2l for |a] < 9.
Assume that F' is supported on the set
{(4:2) : |y — 2 = 277++2%

for some £ > 0. Then for every finite £ C [1,2],
(4.10) ISTF,Blll2(gawe) < ¢ B2E™(#E)3|[Fl|2(gs)-

The proof of this proposition is contained in §4.4. It may be helpful to
recognize (4.10) as the special case N = 1 of the stronger estimate

ISIE bllzrexe) < en B2 % 2702 ON (43 || F|| 2 sy,

which also holds (as long as (4.9) holds for large enough |a), but will not
be needed for our purpose.

Note that (4.9) features derivatives taken in arbitrary directions, whereas
the derivatives in (4.7) are taken in the radial direction only. The difference
between these two estimates reflects the fact that for fixed &, the n—support
of b is contained in a rectangle of dimensions, say 29110 x 29=m+10 with its
long side aligned radially.

4.1. Proof of Proposition 3.1 given Propositions 4.2 and 4.3. It suffices to
show (4.4). We first show the uniform estimate

o] iyl
(4.11) ISIE, b))l 22wy < €527 xR (27DIZIF | 22 s -
Observe that since & is uniformly 277 -separated,

(4.12) #E S 2ﬂxiﬂ(2_j) and sup  #(ENI) S 22m7xi7,y(2_j).

|I|=2-7+2m

Thus, the almost orthogonality estimate (4.8) only beats the trivial estimate
(4.6) if m < j/2. This motivates the definition of the remainder term

RiF = S[Fb— > bim]
0<m<j/2

so that S[F,b;] = > 0 p<j/o SIF,bjm] + R;F. Observe that the symbol of
R is (j,j/2)-adapted. Estimate

(4.13) [[S[F, ]|l p2mexe) < Z ISTF, bjmlll L2 e xe) HI R Fll L2 (r2 xcg)-
0<m<j/2

We estimate both terms separately. To do this we write F' as

o0
F=) F= ) F+)Y Fouw
=1

keZ k<—m 4

with each F} supported on the set
{(y,2) e RZ x R% : 28 <2720y — | < 2FH1Y,
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Note that bj p, is strictly (j, m)-adapted and satisfies both, (4.7) and (4.9).
Proposition 4.2 and (4.12) imply

, g1
ST ke Fres Ui 122 xy) S 27D A (272 F | L2000,

where we have used that |y — z|~(1=27)/2 < 2-m(=3) on the support of
> k<—m Fr- On the other hand, for £ > 1, Proposition 4.3 and (4.12) yield

L1
IS[F—mre, bjmlllL2rexey S 27 bryms 2T (272 | Fomepell 2 (-
Since |y — z|_(1_2V)/ ~ 2(=m0=3) on the support of F_,, ., the quantity

on the right hand side is comparable to
_u3_ )il iyl
2~ G L L @2 Pl 2w
L iyl
S 277 E L7 F ) 2wy
where we used that m < j/2 and v < 1 in the last step. Together we obtain
o iyl
> ISIE bl re@exe) < 327 X5 42721 Fll 220w,
0<m<j/2
The estimate for the second term in (4.13) is similar: Proposition 4.1 implies
1
1R [ > Fillle@exe) S 2D @ D1ZIF ] L2 ws)-
k<—m
On the other hand, applying Proposition 4.3 with m = j/2 gives
_ L. —ivl
IR [ 21 elll 2eexey S 272 R A 272 1 Fll 22
for all £ > 1. The previous two displays combined give
(4.14) IR Fll2®exe) S 2 X3 0 D2 IF | L2 )
as required.
In order to finish the proof we need to establish an improvement over
(4.11) in the range j > (2y — 1)~2, namely
1. ; iyl
(4.15)  |S[Ebilll2mexe) < e(2y = 1722 (2712 P L2 s -

Estimate
(4.16) |IS[F, bs]ll L2 m2xe)
1 1/2
S‘72( > ”S[Fabj,m}”%mgzxg)) + 1B F(| L2 r2xe)-
0<m<yj/2

The second term has already been estimated in (4.14). To treat the first
term we first observe that by Proposition 4.3 and (4.12)

PN
ISIF-mte, bjmlllL2mexe) S 27 2+J[Xi,7(2 DN Fomtell 2w,y €21
On the other hand, by Proposition 4.2 and (4.12) we have

_ ; i\l
ISIF-mre, bjmlllL2mexe) S 27 (=3 e)ﬂ[Xi,y(? DNz F-mtell 22w, € < 0.
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From these estimates we get

1/2
S ISIF bimll3age e )

0<m<j/2

> /
<> ( > HS[Fferﬁabj,m]H%?(R?xé‘))l2

l=—0c0 0<m<j/2
. IR 1 1/2
SUNE,CE Y min@ 220 D) (ST Il

{=—00 0<m<j/2

By the disjointness of supports of the F}, we have for each £ € Z

1/2
> Fomtelia) < IFll2w,)
0<m<j/2

and since » ;0 min(Q_Z/Q,ZE('Y*%)) S(@2y—-1)"tfor1/2 <y <1 we
obtain (4.15). O

4.2. Proof of Proposition 4.2. We begin by observing that we may assume
without loss of generality that £ is uniformly 2fj +2m_geparated (in the sense
of (3.6)). This is because every uniformly 277-separated set £ C (0, 00) can
be written as a disjoint union of at most
2 sup #(ENI)
[|=2-7+2m

sets each of which is uniformly 27742 separated.

By duality, ||S[F,b]|r2r2xe) is equal to the supremum over all G' with
|Gll2m2xe) = 1 of

’/R4 Ple - ,m)[ZG(gt)eﬂtuffmﬂm)b(t,57,7)] d(gjn)(.

tef

By the Cauchy-Schwarz inequality applied in (£, n) we estimate the previous
by

(427) I e /R | cte sty g )

tel

2 1/2
d,€)
For each fixed & consider

/I\W Z G(57 t)eit(lg_nl_ﬂm)b(tv €7 77) ’2d77

tef
Passing to polar coordinates 7 = pf with p > 0 and § € S' ¢ R? and fixing
the angular variable 6 we are left with the one-dimensional integral

oo . 2
/ ‘ ZG(E,t)eilt('f’p9'+”)b(t,f,pG)‘ pdp.
0

tef
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Expanding the square we rewrite this integral as

(4.18) > Gl HaE | / T Oy o1 ¢ p)dp)
0

tt'e€

where we have set
7(p) = 1e0(p) = [§ — pO| + p,

VE,O(t7 t/v P) = b(t’ 57 p@)b(t/, 57 pg)p.
Keep in mind that by the assumptions on b, on the support of v¢ g we have
pr 2 |€— ph| =27 and the angle of  with £ — pf is =~ 27", Observe that
T is strictly monotone increasing with
§£—pb
£ — b

(4.19) (p) =1— (0, ’ ) =1—cos(£(0,& — pb)) ~ 272%™,

Similarly, we will show that
(4.20) TN (p)| Sy 272N

for every integer N > 1. In order to establish (4.20) we verify that for each
N > 1 there are coefficients (ay n)k=0,. N With Ei\;o ag,n = 0 such that

N
(4.21) TN (p) = o] VDY " ay yut,
k=0
where v = £ — pf and w = <1|)1’)‘|9> = cos(£(0,¢ — pd)). This claim implies

(4.20) (note that the polynomial Zivzo a, yw® is divisible by 1 — w). To
prove the claim we use induction on N, with ap1 =1, a1 = —1 by (4.19).

Calculate 77 dy|=N = (N = 1)w|v|™ and %wk = Jv| TewFH(w? - 1).
Hence

N N N
]v|Ni<\v]17NZa w ) Z —1+k)apyw” I—Zka wh!
i kN kN kN

k=0 k=1

k=0

which is written as Z]kV;[) ay, ~N41wF, which is a polynomial of degree N + 1,
and one checks using the induction hypothesis that the sum of its coefficients
are zero. Hence (4.20) is verified.

As a consequence of (4.20),

105 15](p)] Sy 22N
Moreover, since b is strictly (j, m)-adapted and satisfies (4.7),
|8§V5’9(t,t',p)\ <y B2277N7 for N < 2.

Integrating by parts twice then shows

o0
’ / eil(t—t/)T(p)yé_,e(t’ t/, p)dp 5 B2 223(1 + 2—2m+]‘t _ t/|)_2.
0
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From this we may estimate (4.18) by
B?2% Yy (14272 — )G )G(E ).
tt'eE

An application of the Cauchy—Schwarz inequality shows that the previous
is dominated by

B2 (3 (142725 72) (Y16 )
s€E-E te&
Since & is uniformly 279+2™m—separated (see (3.6)), the previous display is
S B2y |G
te&
Hence we have proved that

( /R S e ettty ¢ )

te&
recalling that ||G|| 2r2xe) = 1. Note that the factor 27% stems from in-
tegration over the angular variable 6. In view of (4.17) this concludes the
proof of Proposition 4.2. ([l

m

2 1/2 .
o) s B2E,

4.3. Interlude: FExotic symbols. In the proof of Proposition 4.3 we use es-
timates for oscillatory integrals which are equivalent to the L? results for
pseudo-differential operators of symbol class 52’ , considered by Calderén and
Vaillancourt [6]; here we take p = 1/2. Consider symbols a : R? x R? — C
such that there exists a constant A > 0 with

950 a(x, €)] < A(1 + |¢])~Uel-18D/2

for multiindices «, 8 with, say, |a] < 4d + 1,|8] < 4d + 1. We define the
associated operator

(1.22) Puf(e) = | *9a(o.€)1(€)de,

which is a priori defined at least on integrable functions. Then one has the
estimate

”PafHL2(]Rd) < CAHfHB(Rd),
where ¢ is a constant only depending on the dimension d. The proof (an

application of the Cotlar-Stein almost orthogonality lemma) is due to [6],
for an exposition see also Stein [26, Ch. VII, §2.5].

4.4. Proof of Proposition 4.3. Fix t € £. From the definition (4.1),
(4.23)
sir.ble. = [

[ P2 [ / e'Prev==0b(t, & ) (n)dn| d(y, 2),

RQ
where we have set

Pt ew(n) = (n,w) £H([§ —nl + [n]).



20 J. ROOS AND A. SEEGER

Changing variables z — y—w in (4.23) shows that ||S[F, b](-, t) ||%2(R2) equals

(4.24) /R2 /R? /]1&2 ei<§’y>F(y,y—w){/ Pt (t &, n)dn] dydw‘ dg.

Computing the gradient of the phase function with respect to 7,
n §—n)

Inl 1§ =l

The key observation is now that if £ and n satisfy (4.5), then

(4.25) VO uln) = w et t(

n m+6
4.26 t— — <24(n,§—n) <27
(4.26) o |a €l )<

Therefore, if |w| > 27™+20 and £ > 0, then
|V(I)t,§,w(77)’ > 2—m+€+19.

This tells us that we should integrate by parts in the n—integral. Define a
first order differential operator acting on functions a : R? — C by

.1 vq)tﬁw
Ligula] = idiv(ao 55 ).
tewla] = idiv a|V<I)t,§7w\2)

Integrating by parts we obtain

/ eiﬁ%,g,w(n)b(t, &, n)dn = / e’i@t,s,w(n)ﬁt@w[b(ta 3 )](n)dﬁ
R? R?

Plugging this back into (4.24), changing the order of integration and apply-
ing the Cauchy—Schwarz inequality in 7 shows that (4.24) is

, : , 2
s [ | [ e et By — ) Lo ulbit. ) dlo. )| dn. )
Setting Ge(w) = [p, e ¥ F(y,y — w)dy we consider

(4.27) /R 2 /R Gy b1, -)](n)dw‘an

for each fixed £. Recalling the support assumption on F', let ¢) be a smooth
function on R? that is equal to 1 on {|Jw| > 22°} and supported in {|w| >
219}, Setting

are(w,n) = Lygwlb(t & )M (2" w),
we recognize (4.27) as equal to || at§G§HL2 R?) (see (4.22)). The product
and chain rules show that £ ¢ ,,[a] equals
i(Va, VPi¢w)  2ia(D*P g0V, VPrew)
[VOicwl? VOl 7

where D2<I>t757w denotes the Hessian matrix of ®;¢,. From this one can
deduce the symbol estimate

(4.28) | 5o age(w,n)| < < B9~ (—2m+6)gm|Blo—(i—m)|al
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Since 0 < m < j/2 and a ¢ is supported in {(w,n) : || ~ 27}, an application
of the Calderén—Vaillancourt result in §4.3 and L? duality yield that (4.27)
is

1Fa,

at.¢

GEH%%R% S B 2_2(j_2m+£)||G€H%2(R2)»

uniformly in £. Integrating over £ and making use of Plancherel’s theorem
we obtain the bound

[SIE, 0] (-, D)l L2 mey S B2j7%27(j72m+€)HFHLQ(RQ)y
valid for each fixed ¢. This implies (4.10). O

5. A NECESSARY CONDITION

We shall need a strengthening of a lower bound from [1] which had been
stated there for Assouad regular sets.

Lemma 5.1. Let E C [1,2] and Mg : LP — LY. Then
(i) for all 6 > 0, for all intervals I with § < |I| <1,

1_d
q

d—1,1,1
(51)  NENLOY S [ Mpliopadr o (5/]1) = @ Fa™,

(i1) Let Q1, Qay be as in (1.1). The point (%, i) belongs to Tg if and
only if it belongs to the line segment Q1Q4~ with v = dimga E.

Proof. Fix an interval I = [a,b] with § <b—a < 1 and let p = §/|I|.
Let fs, be the characteristic function of a §-neighborhood of the spherical
cap of diameter ,/p, specifically

{(Z//73ld> : Hy‘ - a’ < 57 |y/‘ < \/ﬁ7 Ya > 0}
Then
d—1
2

Ifs.1llp = (507217,

Choose a covering of £ NI by a collection J; of pairwise disjoint half open
intervals of length § intersecting E N I. Then #J7 > N(EN1I,J).

We now argue as in [1] and let ¢ € (0,1) be a small constant, say ¢ <
1072, We shall verify that for all t € Ujez,J and x = (a/,34) such that
|2'] < edp=1/2 and |zg+t —a| < b,

d—1
(5.2) Mg fsp(x) > Acfsp(a’sza) 2 p 2
Fix y = (¢, yq) € 57! with || < ¢y/p. Then
|z 4+ ty|? = 2|2 + 22 + 2t (2, o)) + 2twqyq + 12
= |2'[* + (g + 1) + 2tza(/1 = |y/2 = 1) + 2t(2", y/).

Since |rg+t —a| < ed and |2'|? < 252p ! < 26, we get

|22 + (zq + 1) — a?| < 6¢6,

2¢(2",y")] < 4la’||y| < 4,
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and
12tzq(v/1 = [y)2 = 1)| < 2(t — a| + ed)|y'|* < 2¢(|T] + cd)p < 4.
Here we used that |I| = §p~!. This implies
||z + ty|? — a?| < 14c5,

and therefore ||x +ty| —a| < § if ¢ is chosen small enough (¢ = 1072 works).
Also, |2/ +ty'| < [2|+2|y/| < \/p so that f5,(x+ty) = 1. This proves (5.2).

Since the intervals J € J; are disjoint, the corresponding regions of x
where (5.2) holds can be chosen disjoint, and therefore

|Mefs,lla 2 0™ [SN(ENLS)@Ep /210,
Thus we must have
p'e (N(BNL8)3- (5o )" < | M| ospa(3p2 )7
which yields (5.1).
Regarding part (ii), by Theorem 1.1 the points (%, pid) belong to Tz if
they are on the line segment Q14 with v = dimga E. It follows from part

(i) that this condition is also necessary. O

Proof of Theorem 1.4. Observe that

j=1,....m

m
sup [|ME,lp—q < IMEllpsq < Y 1M, llp-sq.
j=1

By Theorem 1.1 we have N2, Q(8;,7;) C Ti. Also, since E; is (Bj,7;)-
regular, the known necessary conditions (¢f. (1.6) and Lemma 5.1 above)
yield
c _=—°C =¢C
QBj.vi)” CTe;, C Tk
for each j = 1,...,m. Hence, Tp C ﬂ’f‘:lQ(ﬁj,vj). O

6. CONSTRUCTIONS OF ASSOUAD REGULAR SETS

In the proof of Theorem 1.2 we rely on a family of (quasi-) Assouad regular
sets that is uniform in the following sense.

Lemma 6.1. There exist sets {Eg : 0 < f <y < 1} such that each Eg  is
(8,7)-Assouad regular and there exists ¢ > 1 such that for all0 < § <y <1,
5 € (0,1) and intervals I C [1,2] with |I| > 6,
_ §\—
(6.1) N(Es,0) <ed™”, N(Eg,nI,6) <c(g)7
To prove the lemma we shall modify a construction in [1, §5]. Additional

care is needed because of our requirement of uniformity. In what follows we
fix0<pB<y<1.
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6.1. Preliminary: Cantor set construction. Let J be a compact interval.
For 0 < 1 < 1/2 and an integer m > 0 we let €, ,,(J) denote the union of
the mth generation {I,,, : v =1,...,2™} of intervals of length p™|J| that
arise from starting with J and repeatedly removing the open middle piece
of length (1 — 2u)|J|. Then the set €,(J) = Ny>0Cy,m(J) has Hausdorff,
Minkowski and Assouad dimensions equal to 7 = —log(2)/log(u). Note
€1 /2,m(J) = J for all m > 0. For every § € (0, |J]) it can be seen that

LJ[67T < N(€(T),8) < 210157
Similarly, for intervals I C J and 6 € (0, |I|) one can verify

I8 < N(€,(J) NI, 8) <4767,
However, to construct the Assouad regular sets we will not use the Cantor
sets €, (J) directly. Instead we will work with
szflndl((]) = {midpoint of I,;,, : v =1,...,2™}.

Write d,, = p™|J|. Observe that for every m >0, § € (0, |J]),
(6.2) N(€9(J),6) < min(d,,7,25)[J|7.

If § < 0y, this holds with equality since (’lﬁfi;,il(J ) consists of 2™ = §,,"|J|7
points that are pairwise separated by > d,,. If 6 > 4y, then there exists
j < m such that 6 € [p/|J|, w/~1]J|), so
mid j -
N(&m(J),0) <27 <2677 [J[7
and (6.2) is proved.
We claim that (6.2) implies

I if b <0 < I,
(6.3) N(EMA(T)N1,6) < 46|17 i 6 < 6, < 1],

1 if [I| < 6,
ie. N(@El’i%(J) N 1,8) < max(1, min(8577,4d,,")|I]7), valid for all m > 0,
open subintervals I C J with [I| > §. To see this, first note that the

mid

inequality holds if [I| < &, (as the points in &')7 (J) have mutual distance
> 0m). Let |I| > 6,,. Let £ be the integer so that |I| € [uf|J], u~1|J)).
Then ¢ < m. Define

V={v=1,...,2 . [, ,,nI#0}
Observe that #V < 2 (if u < 1/3, then even #)V < 1). Next,

Q:lrijvlgb(']) NIc U Q:Ln,lr(riL(J) N 1-[7171/ = U Q:Eiiingl(Ig,l’y).
vey =

Using (6.2), u™ Iy, | = p™|J| = 6 and [T_,|7 < 2/I]7,
N(emd, L (I-1,),6) < min(26,,7,4677)|1|".
Since #V < 2, this implies the claim.
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6.2. Assouad reqular sets. Let A = 2718 and p = 2717, so that A < p <
1/2. Define
o=+ L+, 0=1-5/y, m(k)=[g].

We then set

o0 .

F =] F, where F}, = e o (Jr).

k=1
The length of each the constituent intervals I,z ,, v = 1,...,2mk) of
Q:#m(k)(‘]k) is

o = | Jlpm™®).

Since A < 1/2, 27F/8=1 < |Ji| = 27¥/8(1 — X\) < 27%/8. The choice of m(k)
is made so that O'z ~ 27k/8 ~ |.J,|. More precisely,

(6.4) (27 p)f27k/B < of < 97k/B,
For open intervals I C [1,2], 0 € (0,1), |I| > 0 we claim that
(6.5) N(FNI,0)<48(5/|I))7.

This estimate immediately yields dima F' < .

To prove (6.5) first take I C Jj, open with |I| > 4. Then by (6.3),
(6.6) N(F,N1I,6) <max(1,8min(s, ", 6 ")|").
Then, for an arbitrary open interval I C [1,2] and § < |I|,

N(FNI,6) <Y N(F.N(J,NI),0)
k>0
< Y NENJND, S+ > N(FN k).

JNIA£D

By (6.6) this is bounded by
8 > STNIP+8 Y 5T <4851

k:| | > 1], k:| T <1
JpNI#D

which finishes the proof of (6.5). Next we turn to dimp gF. We have
(6.7) N(F N Jg,01) = N(Fy, 03) = 2% = =rm®) = 5| 1|7,

which implies dimg gF" > 7, because |Ji| ~ az. Since dimp gF" < dima F' this
proves
dimp F' = dimy oF" = 7.

Regarding dimy F' we see that because of o, 7|Jy|7 ~ ak_ﬁ

dimy F' > . Finally, for every § € (0,1),
(6.8) N(F,8) < cpd™?,

one gets
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where the constant c¢p > 1 depends only on 3, (and may blow up as 3,
tend to 0). This follows since

kiop<0<|Jg| ko >0

which by choice of m(k) and (6.6) is

_ —ﬁ — —ﬂ _
Seay 1+ Z 0 WUZ + Z o ﬂ/az Spy O B
k:crk<§<oz k>0:05,>6

To resolve the blowup in (6.8) we use an affine transformation. Define
Bpy=1+c¢"PFc1,2).

Then by (6.8), N(Es,08) = N(F,c}/?6) < ep(c}/P6)~F = 678 for all § <
c}l/ﬂ and N(Eg.,6) <1< 5P forall § € [0;1/6,1). Similarly, by (6.5),
N(EgyN1,0) < c(6/|I])77 for all § € (0,1) and intervals I C [1,2] with
|I| > 6. This concludes the proof of Lemma 6.1. O
6.3. Zero Minkowski and positive Assouad dimension. We consider E C
[1,2] with dimyFE = 0. Note that dima F = 0 for all § < 1 ([10, Cor. 3.3]),
hence also dimgpaE = 0. However (as already remarked in [12]) the As-

souad dimension can be any given v € [0,1]. We prove this for the sake of
completeness.

Lemma 6.2. For every a € [0,1] there exists a set G, C [1,2] such that
dimy G, = 0 and dimpa G, = «.

Proof. If o = 0 let Gy = {point}. For a =11let G; = {1+ 2Vl > 1}.
It remains to consider the case 0 < a < 1. Let

Jo=[1+277"1 14272, F,=amd(g,), p=2Ye
Next, let ng = ng(a) be the smallest non-negative integer so that 2™ > 1
and define
Go= |J FuC[1,2].

n>ng

We first consider the Minkowski dimension. Pick § € (0,1) and observe
that U,,.5—2n <5 F), is covered by [0, 0] and that the cardinality of U,, p—2n o5,
is bounded by Y, o2 52" < 2logy(67'). Hence dimy Go = 0.

It remains to show that dima G, = a. Each of the intervals that make
up €, »(Jn) has length

o = il = 2

Note by definition that

N(Fp N Jy,00) = N(Fpn,00) = 2" = 0, %] J|*.
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Thus we get dima G, > «. It remains to show dima G, < «. Here we
proceed as in §6.2. If I C J,, with |I| > 0 then by (6.3),
N(F,N1I,§) <8 <™.
This implies for an arbitrary open interval I C [1,2] with |I| > ¢ that
N(GaNI,6) <8 > oI +85 > [J|" <486 1"

n:|Jn|>|1| n>no:|Jn|<|I]
JnOIZ£0

This is because the first sum in this display has at most two terms while

Z |Jn|o¢ < Z (2—2”—1)a < 9—a Z 2—2"

i N n>0:2-2"<(2]1))>~"0
<27y <2t <4jre. O
n>0:

2-n<(21))2 "0

7. CONVEX SETS OCCURRING AS CLOSURES OF TYPE SETS

In this section we prove Theorem 1.2. Let W C [0,1]? be a closed convex
set and let 0 < 8 < <1 be such that

(7.1) Q(B,v) c W cC Q(B,B)

and suppose that ~ is minimal with this property. If 7z = W for some
E C [1,2] then we have 8 = dimyE, moreover it follows from part (ii) of
Lemma 5.1 that v = dimqa E. In what follows it thus suffices to prove the
existence of E satisfying T = W.

If B = ~, then we may take E to be a self similar Cantor set of Minkowski
dimension 5. If 5 = 0, then W = Q(0,0), so the single average example
E = {point} works. It remains to consider the case 0 < 8 <y < 1.

We may also assume that Q(8,7) S W C Q(8,5) (if W = Q(5,) then
we choose any (3, 7)-regular set for E, such as the one from Lemma 6.1, and
if W = Q(p, 5) we again choose a Cantor set).

Let £ denote the set of lines that pass through at least one point in W
but are disjoint from the interior of W. Each line £ € £ divides the plane
into two half-spaces. We denote by $(¢) the closed half-space that contains
W. Then

(7.2) W= [500.
leg
There exists a countable subset £ C £ such that W = Ny H(¢). We further
select a subset £° C £ consisting only of those lines that do not contain any
of the edges of Q(3,7). £” must be non-empty because W 2 Q(3, 7).
Since £ is countable we may write £° = {l1,05,...}. The line ¢, inter-
sects the line segment connecting (3 3 and (Y3 in a point ()3, for some
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Bn € [0, B]. The line ¢,, also intersects the line segment connecting Q4 and
Q4,5 in a point Qy4,, for some 7, € [3,7]. This is illustrated in Figure 3.

Q4’7n

Q4,v

FIGURE 3. d=4,5=03,7v=1

Then from (7.2),
(7.3) W =) QBnm)-

Let Eg, C [1,2] be as in Lemma 6.1. Let L : N — N be strictly increasing
(we may just choose L(n) = n in this proof but we will need to make a
different choice to prove Remark 1.3). Define

E,=1+2"tW"1p, 1427 kM=t 4 o-L0V),
7.4 o
@4) E=|]JE.cL2]

n=1

It remains to show that Tz = W. First we have | Mg||p—q > || Mg, ||p—q for
every n > 1. Since E, is (Bn,vn)-regular, we have T C Tg, = Q(Bn, ),
c¢f. (1.6). Hence Tz C W by (7.3).

To prove W C T let us take a point (p; ', ¢;!) in the interior of W. It
suffices to show that Mg is bounded LP* — L% . By the construction of E,
and (6.1),

(7.5) N(Ey,0) <cd™, N(B,01,0) <e(f) ™

for every n > 1,6 € (0,27") and every interval I C [1,2] with |I| > J. Here
it is important that ¢ does not depend on n.

Crucially, for each j all E, with n > j are contained in [1,1+ 2~ L(s )] and
thus in [1,1 + 277]. Therefore we can estimate

o SN sp 1A, 41 _se 1A,

n<j

(7.6) || sup |.A]
tel
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The second term on the right hand side is dominated by

277 . '
sl + [ [ EAS], 0 S 211
for some a > 0 because (p; !, ¢, ') is in the interior of Q(0,0) D W.

It remains to estimate the first term in (7.6). Since (p;!,q¢;!) is in the
interior of W, it is away from the boundary of each Q(3,,7,) by a positive
distance independent of n. By Corollary 2.2 we now obtain € = e(ps, q) > 0
not depending on n such that
(7.7) H ts%p AL, Sdpsa 27j€(p*’q*)Hpr*

€En

qx ™

for all j > 0 and n > 1. To see that the implicit constant does not depend
on n one uses (2.16) and that (7.5) implies

Ey, —j Ey, -7
D, 27" s, 279" < ¢

with ¢ depending only on the dimension d.  Hence, the first term on the
right hand side of (7.6) is < j277¢|/f||p.. This concludes the proof that

(it h) € Te.

Proof of Remark 1.3. Without loss of generality let v, = 7.
We need to make a judicious choice of the sequence L(n) to achieve
dimp E = . Define L(n) iteratively such that for n =2,3,...

(7.8) L(n) > max{L(k) + v, (n —k): 1 <k<n-—1}.
We then claim that the construction actually yields
(7.9) dimp E < 7.

and since v = dimga £ < dimp E' we actually get equality in (7.9).
We now show (7.9). Let J,, = [1 + 27 L= 1 4+ 27L0)] Let § < [I] <1
and observe that

Z N(E,NI,) <c Z (8/|I))~ 7 < 2¢(6/|1])~7
n:| g |21, | Jn 21,
JnNI#D JnNI#0D

using that v, < v and there are at most two n such that .J, intersects I
and |J,| > |I|. Next let n, be the smallest n for which |J,| < |I|. By (7.8),
L(n)vyn — L(no)yn > n — no.. We obtain

Y NEN(IuNID), ) <c Y (6/[))
n:|Jn|<|1| n:|Jn|<|I|

=c > (E/)TA/N )T < e/ Y (/1 al)

nis|Jn <11 n>ne
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and

Z (1|/|Jp]) "7 = Z 2—(L(n)+1)%m—wn

n>no n>no
< Z 9~ L) 9L(ne)1n < Z 2~ (n—ne) < o
n>ne n>ne

Hence >, ;< NV (En N (Jn N 1),6) < 2¢(6/[1])77. The two cases imply
(7.9), and this settles the case v = v, in Remark 1.3.

Finally consider the case v, € (v,1]. Take a set E’ as constructed above
with dimyE’ = 8, dimga B’ = dima B’ = 7 and T =W and a set G, as
in Lemma 6.2 with dimy G, = 0 and dimp G, = 7,. Define E = E'UG,, .
Then dimp E = max(dima E’, dima G, ) = 7, and since T, = Q(0,0) D W
we see that Tp = W. O
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